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Abstract—Visible Light Communications (VLC) has been stud-
ied thoroughly in recent years as an alternative or complementary
technology to radio frequency communications. The reliability of
VLC channels highly depends on the availability and alignment
of line of sight links. In this work, we study the effect of
random receiver orientation for mobile users over VLC downlink
channels, which affects the existence of line of sight links and the
receiver field of view. Based on the statistics of vertical receiver
orientation and user mobility, we develop a unified analytical
framework to characterize the statistical distribution of VLC
downlink channels, which is then utilized to obtain the outage
probability and the bit error rate. Our analysis is generalized for
arbitrary distributions of receiver orientation/location for a single
transmitter, and extended to multiple transmitter case for certain
scenarios. Extensive Monte Carlo simulations show a perfect
match between the analytical and the simulation data in terms
of both the statistical channel distribution and the resulting bit
error rate. Our results also characterize the channel attenuation
due to random receiver orientation/location for various scenarios
of interest.
Index Terms—Channel statistics, Internet-of-Things (IoT),
light-fidelity (Li-Fi), probability density function (pdf), random
user orientation, optical wireless communications (OWC), quality
of service (QoS).
I. INTRODUCTION
Visible light communication (VLC) is an emerging technol-
ogy that can achieve illumination and communication simulta-
neously, hence improving energy-efficiency by using existing
lighting infrastructure [1]–[3]. Along with the wide-scale
deployment of energy efficient light emitting diodes (LEDs)
as the primary luminary, next-generation wireless networks
leveraging VLC techniques appear to be even more promising.
As recent experiments have revealed, VLC networks can
provide data rates as large as multiple Gigabits per second [4]–
[6], making it a powerful alternative or a complementary
technology to conventional radio-frequency (RF) counterparts.
The propagation through VLC channels can be highly
directional [7]–[9] and communication mainly relies on the
availability of line-of-sight (LOS) links. In practice, however,
the field-of-view (FOV) of VLC receiver is usually limited,
which in turn appears as a barrier in providing seamless
network connectivity. The hybrid RF/VLC networks [10]–
[14] and relay-assisted cooperative VLC systems [15]–[17] are
two main research directions to circumvent FOV constraints
and extend the network coverage as desired. Furthermore, as
the density and mobility of VLC receivers increase along
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with the use of wearable sensors and Internet-of-Things (IoT)
devices [18], sophisticated dynamics are emerging with FOV
constraints and LOS reliability.
The receiver orientation and mobility are two major obsta-
cles affecting the availability of LOS links in VLC networks.
Their direct influence on the existence of LOS links and signal
quality become even more significant especially when both
these features are varying randomly. It is therefore vital to
investigate the effect of the receiver orientation and mobility
over VLC networks with practical FOV constraints. In [19],
[20], a mobile VLC channel is considered with the goal of
characterizing the channel impulse response (CIR) through
ray-tracing simulations and laboratory measurements. The user
mobility is handled by considering probabilistic noisy and
outdated channel state information (CSI) models in [21].
The ergodic capacity of a mobile VLC scenario is evaluated
in [22] for randomly distributed user locations. Although these
recent studies consider the mobility over VLC networks, they
all assume fixed and vertically upward receiver orientation
without any variation.
The impact of receiver orientation on VLC networks has
received very limited attention in the literature. In [23], a
cellular light-fidelity (Li-Fi) network is considered for access
point (AP) selection, where the receiver orientation appears
to have a significant effect on the user quality of service
(QoS) and overall load balancing. The handover mechanism is
investigated in [20] for mobile Li-Fi networks, and the effect of
receiver orientation is evaluated through a geometric approach
involving rotation matrix computations. None of these works
consider the effect of random receiver orientation on VLC
channel statistics. The outage performance of an indoor VLC
system with random receiver orientation is studied in [24]
with experimental evaluations. However, this study does not
analytically evaluate the effect of random receiver orientation
on outage performance.
In this work, we investigate the effect of the receiver
orientation and mobility on the statistics of VLC downlink
channels in single and multiple LED scenarios, which has not
been studied in the literature before within a broad scope.
The contribution of this paper, which is substantially improved
version of [25], can be summarized as follows:
i. We develop a unified analytical framework which derives
the statistical distribution of VLC downlink channels
explicitly in the presence of random receiver orientation
and mobility. The statistical distribution includes the
cumulative distribution function (cdf) and the probability
density function (pdf) of the channel gain, which enables
obtaining the outage probability and the bit error rate
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Fig. 1: VLC downlink transmission model with random re-
ceiver orientation θ.
(BER), respectively. The channel distribution is charac-
terized in a general form so that any random statistics of
the orientation and mobility can be employed directly.
The analytical findings are verified through extensive
simulation data matching in all cases of interest.
ii. The nonlinear effect of the receiver FOV is integrated into
the analytical framework parametrically, which enables
the analysis of channel statistics and error performance
for specific FOV chosen from a broad range of values.
iii. The proposed framework rigorously handles the single
LED and two LEDs cases. In addition, extension of
the statistical findings to multiple LED settings are also
investigated. The results verify the immediate intuitions
that wider FOV and multiple LED deployment can be
viable solutions in coping with the adverse effects of
random receiver orientation and mobility.
The rest of this paper is organized as follows. Section II
introduces the system model. Section III presents distribution
of the square-channel gain for a single LED case, whereas
Section IV investigates channel statistics for a specific scenario
with two LEDs. Section V discusses the applicability of the
findings for the two LEDs setting to more general multiple
LED cases. Finally, Section VI presents the respective numer-
ical results, and Section VII concludes the paper.
Notations: N (µ, σ2) denotes the real valued Gaussian dis-
tribution with the mean µ and the variance σ2, U [a, b] denotes
the continuous uniform distribution over the interval [a, b], and
R(σ) denotes the Rayleigh distribution with the scale param-
eter σ. The trigonometric functions cos−1(·) and tan−1(·)
represent the inverse cos(·) and tan(·), respectively. δ(a) is
the Dirac delta function taking 1 if a= 0, and 0 otherwise.
II. SYSTEM MODEL
We consider an indoor VLC downlink transmission scenario
with multiple LEDs, where a single user is served by a single
LED at a given time. The interaction between an LED and
the user over a point-to-point LOS link is sketched in Fig. 1.
The corresponding direct current (DC) channel gain is given
as [26]
h =
(γ + 1)ARg
2pir2
cosγ(φ) cos(θ)Π
(
θ
Θ
)
, (1)
where r is the LOS distance between the LED and the user,
φ is the angle of irradiance, θ is the angle of incidence,
m=−1/ log2(cos(Φ1/2)) is the Lambertian order with Φ1/2
being the half-power beamwidth of the LED, AR is the
detection area of the receiver, g is the gain of the optical
concentrator given by n2/ sin2(Θ) with n being the reflective
index, and Θ is the FOV angle of the receiver. The notation
Π (x) represents a rectangular function given as
Π (x) ,
{
1 for |x| ≤ 1
0 for |x| > 1 , (2)
and hence, Π (θ/Θ) implies that the channel gain is zero if
θ is larger than Θ, or equivalently the LED is outside the
receiver FOV. The observation model for the point-to-point
transmission scenario at kth discrete time instant is given as
yk = h ak + vk, (3)
where yk is the received signal, ak is the transmitted sym-
bol chosen from a modulation alphabet A with the average
transmit energy Es, and vk is the white Gaussian noise with
zero mean and variance N0/2. Without loss of generality,
assuming the binary on-off-keying (OOK) modulation, the
average probability of bit error is given as
Pe =
∫ ∞
0
Q
(√
(Es/N0)ϕ
)
fh2(ϕ) dϕ, (4)
where fh2(ϕ) is the pdf of the square-channel expression
denoted as h2, and Q(·) is the Q-function [27]. In order to
calculate the BER in (4), the pdf of h2 needs to be known.
In the sequel, we will characterize the point-to-point VLC
channel in (1) when the user orientation fluctuates randomly
around the vertical axis, which is represented by the random
incidence angle θ. Assuming a stochastic distribution for
this fluctuation in the vertical direction, we will derive the
distribution of the square-channel h2, and evaluate the impact
of this random behavior on the BER statistics via (4). To
this end, we will consider single and multiple LED scenarios
with the deterministic and random user deployment cases,
separately, in the subsequent sections.
III. SQUARE-CHANNEL DISTRIBUTION FOR SINGLE LED
In this section we derive the channel statistics for a single
LED scenario as shown in Fig. 1. We can rearrange (1) as
follows:
h =
(γ + 1)AR`
mg
2pi
(
`2 + d2
)− γ+22 cos(θ) Π( θ
Θ
)
, (5)
where we employ the geometrical relations r=
√
d2 + `2 and
cos(φ) = `/
√
d2 + `2 from Fig. 1 with ` and d being the
vertical and horizontal distances between the LED and the
user, respectively.
We assume two different scenarios regarding the FOV effect
of the receiver while analyzing the statistical behavior of
3the square-channel under receiver orientation fluctuations. In
the first scenario, we assume that the FOV of the receiver
is wide enough (characterized by a large Θ), therefore the
LED is always within the FOV. This is a simplistic scenario
that enables the derivation of square-channel statistics without
any nonlinear effects arising from FOV restrictions [28], and
referred to as “wide FOV” scenario in this paper. The second
scenario assumes a more general setting by assuming “narrow
FOV”, where the LED might be either inside or outside the
FOV depending on the vertical user orientation and specifics
of the geometry in Fig. 1. This second scenario considers all
possible geometrical interactions between the LED and user,
but complicates the derivation of the desired channel statistics.
A. Deterministic User Location and Wide FOV
We first assume wide FOV where the incidence angle θ
in (5) is always smaller than Θ, which implies Π (θ/Θ) = 1.
In addition, the user location is assumed to be chosen in a
deterministic fashion such that the horizontal distance d is a
nonrandom variable. Then, the random part of the channel gain
in (5) is hθ = cos(θ). The distribution of the square-channel
h2 can be derived by considering the cdf of h2θ = cos
2(θ) given
as
Fh2θ (x) = Pr
{
cos2(θ) < x
}
, (6)
= Pr
{
θ >
1
2
cos−1(2x− 1)
}
. (7)
Note that, the probability in (6) is always 1 for x≥1 , and 0
for x< 0, and we therefore limit x to the interval [0, 1] while
analyzing (7). Defining Fθ(.) to be the cdf of the random
incidence angle θ, the cdf of the h2θ is obtained by rearranging
(7) as follows
Fh2θ (x) = 1− Fθ
(
1
2
cos−1(2x− 1)
)
. (8)
The corresponding pdf can be computed by taking derivative
of (8) with respect to x, and is given as
fh2θ (x) =
cθ√
4x(1− x)fθ
(
1
2
cos−1(2x− 1)
)
, (9)
for 0 ≤ x ≤ 1, and 0 otherwise. In (9), cθ is the normalization
constant, and fθ(.) is the pdf of the random angle θ. Denoting
the deterministic part of (5) as hc such that h=hchθ, the cdf
and pdf of the square-channel is readily given as
Fh2(x) = Fh2θ
(
x
h2c
)
, fh2(x) =
1
h2c
fh2θ
(
x
h2c
)
, (10)
which are defined in the most general form such that any
distribution for the random angle θ can be used directly via
(8)-(9).
B. Deterministic User Location with Narrow FOV
When we assume a narrow FOV, the point-to-point LOS
link in Fig. 1 can be outside the receiver FOV because of the
random orientation of the user around the vertical axis. In this
case the square-channel h2 can be derived by considering the
associated random part h2θ = cos
2(θ) Π (θ/Θ), with the cdf
given as
Fh2θ (x) = Pr
{
cos2(θ)Π (θ/Θ) < x
}
= Pr
{
cos2(θ)<x, 0≤ θ≤Θ}+ Pr {x>0,Θ<θ} ,
(11)
where the first and second probabilities in (11) represent the
cases where the LOS link is within the FOV and outside the
FOV, respectively.
For ease of representation, we define the function 4θ(a, b),
which represents the probability of the random variable θ
being in an interval (a, b ] with arbitrary real-valued variables
a, b∈R, and is given as follows
4θ(a, b) = Pr{a < θ ≤ b} =
{
Fθ(b)− Fθ(a) for a ≤ b
0 for a > b
.
(12)
Then, following the strategy in obtaining (7), the cdf in (11)
becomes
Fh2θ (x) = Pr
{
1
2
cos−1(2x−1)<θ≤Θ
}
+ Pr{θ >Θ} , (13)
= 4θ
(
1
2
cos−1(2x− 1),Θ
)
+ 1− Fθ(Θ), (14)
for 0≤x≤ 1, equal to 0 for x< 0, and 1 for x> 1. Note that,
when the FOV takes a large value, the random angle θ is
always less than Θ implying Pr{θ >Θ}= 0 and Fθ(Θ) = 1,
and (13) readily yields the cdf expression in (8) of the wide
FOV scenario, as expected.
We observe that the first term involving the function 4θ(·)
is zero over the interval 0≤x< cos2(Θ) by the definition in
(12), and the cdf in (14) becomes equal to 1−Fθ(Θ) over this
interval. The cdf is 0 for x< 0, which means the function in
(14) is discontinuous at x= 0. With this observation, we can
give the corresponding pdf as follows
fh2θ (x) = cθ
∂
∂x
4θ
(
1
2
cos−1(2x−1),Θ
)
+ (1−Fθ(Θ)) δ(x), (15)
for 0 ≤ x ≤ 1, and 0 otherwise. In (15), cθ is the normalization
constant1, and the Dirac delta function δ(x) appears as a result
of the discontinuity of the cdf in (14) at x= 0. The partial
derivative in (15) is given as
∂
∂x
4θ
(
1
2
cos−1(2x−1),Θ
)
=
1√
4x(1− x)fθ
(
1
2
cos−1(2x− 1)
)
, (16)
for cos2(Θ) ≤ x < 1, and 0 otherwise. Finally, the desired
cdf and pdf of the square-channel h2 can be obtained readily
by (10).
Note that, the impact of the narrow FOV on the square-
channel pdf can be interpreted by comparing (9) and (15) with
1Since the pdf has a Dirac delta function term of size 1 − Fθ(Θ), the
normalization constant normalizes the integral sum of the other term to Fθ(Θ)
so that overall integral sum is equal to one.
4Fig. 2: The pdf of square-channel for different receiver orien-
tation distributions and FOV angles. Parameters are d= 2.5 m,
`= 3 m, Φ1/2 = 60◦, g = 1, and AR = 1 cm2.
the help of (16). We observe that limiting the receiver FOV
with a narrow angle Θ introduces a Dirac delta weighted by
1−Fθ(Θ) and discards the pdf portion within the interval of
0 ≤ x < cos2(Θ), which in turn causes the magnitude of
the pdf to be weighted over the interval cos2(Θ) ≤ x < 1.
To illustrate this issue, we have provided square-channel pdfs
for different receiver orientation distributions in Fig. 2 for two
different FOV angles. In the top figures, pdfs for Θ = 60◦
are given. The delta function does not occur for uniform
distribution, and it is arbitrarily small for normal distribution.
It is because the FOV is large, and probability of leaving LED
out of FOV (Pr{θ > Θ}) is zero or arbitrarily small. In the
bottom figures, pdfs for Θ = 35◦ are given. We observe that
pdf shapes are clipped from left side (from x = cos2(Θ)), and
the area under the clipped shape is accumulated at x = 0 which
appears as delta function. The smaller values of x corresponds
to the larger values of θ, and when θ is larger than Θ the
channel gain is equal to zero.
C. Random User Location with Wide and Narrow FOVs
In this section, we consider a mobile user over the xy-
plane as in Fig. 1, and the associated mobility is captured by
choosing the horizontal distance d at random, which corre-
sponds to the random user deployment strategy. This random
effect in channel due to the user mobility is represented by
hd =
(
`2 + d2
)−(γ+2)/2
, and the channel in (5) accordingly
becomes h=hc hd hθ where hθ = cos(θ) Π (θ/Θ) represents
the random part due to the vertical orientation including the
effect of the narrow FOV, and hc is the remaining deterministic
part, as before.
The distribution of the square-channel can now be com-
puted by exploiting the independence of hθ and hd, and by
employing the property on the distribution of the product of
independent random variables as follows [29]
Fh2(x) = 1−Fθ(Θ) + 1
h2c
∫
Ry
1
y
fh2d(y)Fh2θ
(
x
h2c y
)
dy ,
(17)
fh2(x) =
{
ch
h2c
∫
Ry
1
yfh2d(y)fh2θ
(
x
h2c y
)
dy for 0 < x ≤ 1
1−Fθ(Θ) for x = 0
,
(18)
where Ry is the set of y values for which the function being
integrated takes nonzero value, and ch is the normalization
constant. Defining Fd(.) to be the cdf of the random distance
d, the desired pdf of h2d can be found by considering the cdf
given as follows
Fh2d(y) = Pr
{
(d2 + `2)−(γ+2) < y
}
= Pr
{
d2 > y−
1
γ+2 − `2
}
= 1− Fd
([
y−
1
γ+2 − `2
]1/2)
, (19)
for 0≤ y≤ `−2(γ+2), and 1 for y > `−2(γ+2). Taking the
derivative of (19), the desired pdf of h2d is then found to be
fh2d(y) = cd y
− γ+3γ+2
[
y−
1
γ+2 − `2
]− 12
fd
([
y−
1
γ+2 − `2
] 1
2
)
,
(20)
for 0≤ y≤ `−2(γ+2), and 0 otherwise. In (20), cd is the
normalization constant, and fd(·) is the pdf of the random
distance d. Incorporating (14) and (20) into (17), we can
obtain the cdf of the square-channel h2, which can be applied
to both the wide and the narrow FOV settings. Likewise,
incorporating (15) and (20) into (18), we can obtain the pdf
of the square-channel h2. As before, the distribution in (18)
is defined in general form such that any distribution for the
random incidence angle θ and the horizontal distance d can
be incorporated directly.
IV. SQUARE-CHANNEL DISTRIBUTION FOR TWO LEDS
In this section, we discuss the distribution of the square-
channel for a specific two LED transmitters scenario, where
the user location varies between two points which are beneath
the LEDs, and user orientation is random around the vertical
axis. While this scenario does not cover all possible two
LED geometries, it might be useful for evaluating the channel
performance when a person holding a VLC receiver device is
walking in a corridor equipped with VLC transmitters.
A. Two LEDs Scenario
In this scenario two LEDs are available to serve a single
user as in Fig. 3, and the user is assigned to the LED with the
strongest signal. The resulting instantaneous effective channel
is given as
heff = max
{
h21, h
2
2
}
, (21)
where h1 and h2 are the point-to-point channel gains from the
first and the second LEDs, respectively, to the user. The chan-
nel gains are jointly represented as hi =hchdihθi for i= 1, 2,
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Fig. 3: VLC receiver with random orientation and two LEDs
serving to that user.
where hc = (γ + 1)AR`mg/2pi is the constant multiplier not
depending on either the location or the orientation of the
receiver. Other multipliers are
hdi = (`
2 + d2i )
− γ+22 , (22)
hθi = cos(θi) Π
(
θi
Θ
)
, (23)
where θi and di are the incidence angle and the horizontal
distance of the user with respect to the ith LED, respectively,
as shown in Fig. 3. Without loss of generality, we define
the random angles θ1 and θ2 in the clockwise and counter-
clockwise directions, respectively.
The actual degrees of freedom for both {θ1, θ2} and
{d1, d2} are 1, so that we have only one independent random
variable from each set. We therefore choose d1 = d and θ1 = θ
as the independent random variables of interest, and d2 =D−d
and θ2 = Φ− θ accordingly become the dependent random
variables, where D is the distance between the LEDs, and
the non-negative angle Φ is defined geometrically by Fig. 3
as follows
Φ =φ1 +φ2 = tan
−1(d/`) + tan−1((D− d)/`). (24)
Note that θ1 and θ2 can take negative values, but both of them
cannot be negative at the same time, and their sum is equal to
Φ in any case.
B. Two LEDs with Fixed User Location
When the user location is not considered to be random, the
horizontal distance d turns out to be a deterministic variable.
In this case, the cdf of the square-effective channel gain is
then given as
Fh2eff (x) = Pr
{
max
{
h21, h
2
2
}
< x
}
= Pr
{
h21 < x, h
2
2 < x
}
, (25)
where (25) directly follows from [30]. As the horizontal dis-
tance d is not random, we define a new variable ci =h2ch
2
di
for
i= 1, 2, which captures the deterministic feature of the square-
effective channel, and is always non-negative by definition.
Then, the cdf in (25) becomes
Fh2eff (x) = Pr
{
h2θ1 <
x
c1
, h2θ2 <
x
c2
}
, (26)
and employing (23) yields
Fh2eff (x) =

Pr {E1, E2} , for |θ1| ≤ Θ, |θ2| ≤ Θ
Pr {E1} , for |θ1| ≤ Θ, |θ2| > Θ
Pr {E2} , for |θ1| > Θ, |θ2| ≤ Θ
1, for |θ1| > Θ, |θ2| > Θ
, (27)
where the event Ei is defined for i= 1, 2 as follows
Ei :
{
θi ∈ Ωθi | cos2θi <
x
ci
}
, (28)
with Ωθi being the sample space of θi. Note that Ei happens
with probability 1 whenever x≥ ci, and probability 0 when-
ever x< 0 (does not happen at all). We therefore safely assume
x= ci for x≥ ci and x= 0 for x< 0, to keep the argument of
the inverse cosine function within the definition interval.
Before further elaborating the cdf in (27), we define a
new function in the following Lemma, which is actually an
extension of (12).
Lemma 1. Let 5θ(a, b, c, d) be a function defined as
5θ(a, b, c, d) = Pr{a < θ ≤ b, c < θ ≤ d}, (29)
which represents the probability of the random variable θ
being in the intervals (a, b ] and (c, d ] jointly, with arbitrary
real-valued variables a, b, c, d∈R. Then, (29) can be computed
in terms of the cdf of the random variable θ as follows
5θ(a, b, c, d) =

Fθ(b)− Fθ(a) for c ≤ a, d > b
Fθ(d)− Fθ(c) for c > a, d ≤ b
Fθ(d)− Fθ(a) for c ≤ a, d ≤ b
Fθ(b)− Fθ(c) for c > a, d > b
0 otherwise
. (30)
Proof: See Appendix A.
Defining zi(x) = 12 cos
−1(2 xci − 1) for i= 1, 2, the desired
cdf and pdf expressions are given in the next Theorem.
Theorem 1. The cdf of the square of the effective channel
given in (30) can be expressed as follows
Fh2eff (x) = P1(x) + P2(x) + P3(x) + P4, (31)
where
P1(x) = 5θ(−Θ,−z1(x),Φ−Θ,Φ− z2(x))
+5θ(z1(x),Θ,max(0,Φ−Θ),Φ−z2(x))
+5θ(z1(x),Θ,Φ + z2(x),Φ + Θ), (32)
P2(x) = 4θ(−Θ,min(−z1(x),Φ−Θ))
+4θ(z1(x),min(Θ,Φ−Θ)), (33)
P3(x) = 5θ(Φ−Θ,Φ− z2(x),Θ,Φ)
+4θ(max(Φ + z2(x),Θ),Φ + Θ), (34)
P4 = 4θ(Θ,Φ−Θ) +Fθ(−Θ) + 1−Fθ(Φ + Θ). (35)
6Furthermore, taking derivative of (31) yields the desired pdf
as follows
fh2eff (x) = cθ
3∑
j=1
∂Pj(x)
∂θ
+ P4δ(x) , (36)
The individual derivatives ∂Pj(x)∂θ ’s in (36) can be computed
using the following derivative expression
∂
∂x
Fθ (u+ v zi(x)) =
−v√
4x (ci−x)
fθ (u+ v zi(x)) , (37)
where the argument u+ v zi(x) of the cdf function Fθ(·) is the
linear transformation of zi(x) with the arbitrary transformation
variables u and v.
Proof: See Appendix B.
Note that the cdf expression in (31) handles all possible
combinations of the incidence angles θi’s and the receiver
FOV Θ. The Pj(x) functions given in (32)-(34) correspond
to the first three cases of (27), in the same order. The P4
expression given in (35) corresponds to fourth case of (27),
which suggests both LEDs are out of sight. In this case channel
gain is zero, which shows as a Dirac delta function at x = 0
in pdf.
It is possible to simplify (31) further if some particular
scenarios of interest are assumed. These scenarios involving
wide receiver FOV and non-negative incidence angles θi’s are
discussed with the simplified cdf expressions in the following
remarks.
Remark 1. When the receiver is pointing relatively upward and
does not change this orientation dramatically, the incidence
angles θ1 and θ2 take non-negative values only, which implies
θ > 0 and θ <Φ. In this particular case, the cdf in (31) can be
expressed by using the following simplified probabilities
P1(x) = 5θ(z1(x),Θ,max(0,Φ−Θ),Φ−z2(x)) ,
P2(x) = 4θ(z1(x),min(Θ,Φ−Θ)) ,
P3(x) = 5θ(Φ−Θ,Φ− z2(x),Θ,Φ) ,
P4 = 4θ(Θ,Φ−Θ) ,
which can be obtained directly from (32)-(35) by assuming the
condition 0<θ<Φ and following the respective derivation
steps in Appendix B. The pdf of this case can be obtained
using (36) and (37).
Remark 2. When the receiver FOV is sufficiently large, the
LEDs are always in the FOV, and the cdf in (31) now becomes
Fh2eff (x)= Pr{z1(x) < |θ1|, z2(x) < |θ2|} ,
= 4θ(z1(x),Φ−z2(x))+Fθ(min(−z1(x),Φ−z2(x))) ,
+ 1−Fθ(max(z1(x),Φ + z2(x))),
which is equivalent to (32) with a large Θ.
Remark 3. When the incidence angles θ1 and θ2 take non-
negative values and the receiver FOV is sufficiently wide, we
have the following simplified cdf expression
Fh2eff (x) = Pr{z1(x) < θ1, z2(x) < θ2} ,
= Pr{z1(x) < θ, z2(x) < Φ− θ} ,
= 4θ(z1(x),Φ− z2(x)) , (38)
LED ‐ 2LED ‐ 1
φ
ܦ
Vertical Axis
ܦ
LED ‐ 3 LED ‐ 4
ܦ
݀
Fig. 4: A representative VLC downlink with 4 LEDs deployed
along a line with an equal spacing. The vertical orientation is
characterized by the random angle ϕ.
which is equivalent to (32) with 0<θ<Φ and large Θ.
The desired pdf expressions for the simplified cdf’s in
Remark 2-3 can be computed using (37) considering the
detailed explanations in Appendix B. Note that for these two
remarks, wide FOV assumption is made. Therefore their cdfs
are expected to be continuous, and their pdfs does not have a
delta function.
C. Two LEDs with Random User Location
In the two LEDs case, the parts of the channel hdi in (22)
and hθi in (23) are now correlated through the geometric
relation (24). Therefore, when the horizontal distance d is
assumed to be random, it is not possible to derive the statistics
using the identity employed in (17) and (18) for the product
of the independent random variables. We therefore resort to a
more conventional way of taking average over the distribution
of the random distance d. As a result, once we obtain the
distribution of the square-effective channel gain parametrically
for a given d, the desired cdf and pdf can be calculated as
Fh2eff (x) = P4 +
∫
Ry
Fh2eff (x|y)fd(y)dy, (39)
fh2eff (x) =
{
ch
∫
Ry fh2eff (x|y)fd(y)dy for x > 0
P4δ(x) for x = 0
, (40)
respectively, where fd(·) is the pdf of the random location d,
and Ry is the support set.
V. CHANNEL STATISTICS FOR MULTIPLE LEDS
We have considered the single LED and two LEDs scenarios
so far, and derived the square-channel distribution when the
receiver orientation is random in the vertical direction. In this
section, we consider a multiple LED scenario with more than
two LEDS, and discuss the extension of the findings for the
two LEDs case presented in Section IV to a multiple LED sce-
nario. Our purpose here is not to provide a complete derivation
for the channel statistics, but to consider two representative
scenarios to gain some insight.
We consider a representative multiple LED scenario with
4 LEDs each of which are deployed along a line with equal
spacing D, as shown in Fig. 4. The receiver is assumed to
7Fig. 5: Channel gains for 4 LEDs of the configuration in Fig. 4
with D= 3 m, `= 3 m, d= 1.5 m, and Θ = {60◦, 90◦}.
be located between two inner LEDs, which are labeled as
LED-2 and LED-3, and is away from LED-2 by a distance
d. Without any loss of generality, we assume that the receiver
is facing upward with a deviation from the vertical axis by a
random angle ϕ, and that D= 3 m, and `= 3 m. As before, we
assume that the user is assigned to the LED with the strongest
signal, which depends on the relative distances between the
user and the LEDs, as well as the incidence angles. Note that,
the effect of the incidence angle on the signal strength does
not appear only due to the Lambertian pattern of the LED, but
also because of the FOV evaluation, and both will be examined
in the sequel.
We first assume that the user in Fig. 4 is located in
the middle of LED-2 and LED-3 with d= 1.5 m, and that
Φ1/2 = 60
◦ and AR = 1 cm2. The associated signal qualities
of the four LEDs at the receiver are depicted in Fig. 5 with
varying vertical deviation ϕ, and for two different FOV choices
of Θ = {60◦, 90◦}. We partitioned Fig. 5 into the regions
Di, i = 1, .., 6, with respect to the LEDs having the first two
strongest signal level among the others, and tabulate them in
Table I for each region.
TABLE I: LEDs with the First Two Strongest Signal for Fig. 5.
Region
Wide FOV Narrow FOV
Strongest 2nd-Strongest Strongest 2nd-Strongest
D1 LED-2 LED-1 LED-2 LED-1
D2 LED-2 LED-3 LED-2 LED-1
D3 LED-2 LED-3 LED-2 LED-3
D4 LED-3 LED-2 LED-3 LED-2
D5 LED-3 LED-2 LED-3 LED-4
D6 LED-3 LED-4 LED-3 LED-4
We observe from Table I that comparing the signal strength
of the same two LEDs (LED-2 and LED-3) is sufficient to
find the strongest of the 4 LEDs in either D2-D5 for the wide
FOV, or D3-D4 for the narrow FOV. This result implies that
when the vertical deviation ϕ falls into one of these group of
Fig. 6: Channel gains for 4 LEDs of the configuration in Fig. 4
with D= 3 m, `= 3 m, d= 0 m, and Θ = {60◦, 90◦}.
regions, the findings of the two LEDs scenario in Section IV
can be directly used to derive the channel statistics for this
multiple LED case. Otherwise, the findings for the two LEDs
scenario may need to be extended to the joint statistics of three
or four LEDs. For example, ϕ range corresponding to D2-D5
under the narrow FOV requires the joint cdf statistics of all 4
LEDs to find the strongest signal. In general, as the receiver
FOV is relatively wide or the receiver orientation does not
vary much, the two LEDs results apply for the multiple LED
cases similar to the one in Fig. 4.
As a marginal example, we consider a second scenario
where the user in Fig. 4 is located directly under LED-2 with
d= 0. Based on the respective signal strength results depicted
in Fig. 6, the results of the two LEDs case directly applies if
ϕ takes either negative (ϕ∈D1) or positive values (ϕ∈D2),
and otherwise requires an extension to the joint statistics of
three LEDs.
VI. NUMERICAL RESULTS
In this section, we present the numerical results for the
distribution of the square-channel with the single and two
LEDs setting under various statistics for the random vertical
orientation. In both LED settings, we provide numerical results
for only the random choice of the horizontal distance d, and
consider the relatively simple deterministic d case as a subset.
We assume that D= 4 m, `= 3 m, Φ1/2 = 60◦, g = 1, and
AR = 1 cm2, without any loss of generality. Like [21], we
consider Es/N0 to characterize the transmit signal-to-noise
ratio (SNR), and we study the impact of random receiver
orientation and location on the BER and outage probability
performance.
A. Single LED Case
In Fig. 7, the pdf of the square-channel h2 is depicted for
the single LED case, where both the incidence angle θ repre-
senting the vertical orientation of the user and the horizontal
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(a) θ is uniformly distributed with U [20◦, 40◦], and d is uniformly distributed
with U [0, 5] m. The magnitude of the Dirac delta is cδ = {0.25, 0} for
Θ = {35◦, 60◦}, respectively.
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(b) θ is Gaussian distributed with N (30◦, 20◦), and d is Rayleigh
distributed with R(1) m. The magnitude of the Dirac delta is
cδ = {0.1318, 9.85×10−12} for Θ = {35◦, 60◦}, respectively.
Fig. 7: The analytical and simulation data for the pdf of
the square-channel in the single LED setting, where both the
vertical orientation θ and the horizontal distance d are random.
distance d are random variables with various distributions. In
particular, θ is assumed to follow uniform distribution with
U [20◦, 40◦] or Gaussian distribution with N (30◦, 20◦), both
of which have the same mean value, whereas U [0, 5] m or
R(2) m are assumed for d, both of which have similar mean
values.
We observe a perfect match between the analytical and
simulation data of Fig. 7 for all distributions of θ and d,
which verifies the analytical derivation of the square-channel
distribution. Note that, the FOV value of Θ = 60◦ covers the
incidence angle θ range completely for U [20◦, 40◦], and with
a very high probability for N (30◦, 20◦). On the other hand,
-130 -125 -120 -115 -110 -105 -100
10-1
100
cd
f (O
uta
ge
 P
rob
ab
ilit
y)
Simul., =60°, Normal , Rayleigh d
Analy., =60°, Normal , Rayleigh d
Simul., =35°, Normal , Rayleigh d
Analy., =35°, Normal , Rayleigh d
Simul., =60°, Uniform { ,d}
Analy., =60°, Uniform { ,d}
Simul., =35°, Uniform { ,d}
Analy., =35°, Uniform { ,d}
Fig. 8: The analytical and simulation data for the cdf of the
square-channel in the single LED setting, where θ and d follow
the distributions in Fig. 7.
the relatively narrow FOV value of Θ = 35◦ does not cover
the angle span of θ completely in either case. As a result, the
Dirac delta δ(x), which arises from the FOV values smaller
than the angle span of θ, does not appear at all or appears
with a very small magnitude cδ for Θ = 60◦, whereas we have
cδ = {0.25, 0.1318} for U [20◦, 40◦] and N (30◦, 20◦), respec-
tively, for Θ = 35◦. These results exemplify the mechanism
how the narrowing FOV introduces a nonzero probability of
the LOS communication link being out of the FOV, which in
turn causes a Dirac delta at the pdf of the square-channel,
as explained in Section III. We also observe that the pdf
statistics of different FOV configurations are almost the same
after relatively large input values along x-axis. This is because
the high channel gains can be observed when the receiver
orientation is well aligned (θ is small), and in this case LED
being out of FOV is a small probability bot FOV configura-
tions. The respective cdf statistics for Fig. 7 are provided in
Fig. 8, which also correspond to outage probability for a given
channel gain requirement. Outage probability difference can be
most explicitly observed for lower channel gain requirement
values, where we can observe up to ten times higher outage
probability with low FOV receivers.
Before providing the BERs for given channel pdfs, we
provide the BERs of some non-mobile and fixed user orien-
tation scenarios in Fig. 9 to give intuition about the effect of
horizontal distance and orientation on the BER and provide
benchmarks for later results. The FOV is assumed to be larger
than θ in all scenarios. In order to achieve lower BERs,
more than 120 dB Es/N0 is required for all scenarios2. The
scenario with θ = 0◦, and d = 0 m is the case when the
receiver is located immediately underneath and facing the
LED. This scenario provides the highest possible channel
gain, thus lowest possible BER. The orientation change of
30◦ increases BER slightly, while a change of 60◦ causes a
2For a representative study on typical transmit SNR range for indoor
deployment of multi-LED VLC systems, the reader is referred to [31].
9110 115 120 125 130 135
E
s
/N0 (dB)
10-4
10-3
10-2
10-1
100
BE
R
Analy., d = 0 m,  = 0°
Analy., d = 0 m,  = 30°
Analy., d = 0 m,  = 60°
Analy., d = 2.5 m,  = 0°
Analy., d = 2.5 m,  = 30°
Analy., d = 2.5 m,  = 60°
Fig. 9: BER results for the single LED setting with non-mobile
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Fig. 10: BER results for the single LED setting with the
distributions of θ and d considered in Fig. 7, as well as a
non-mobile non-fluctuation (fixed) scenario for comparison.
much higher BER. On the other hand, horizontal distance of
2.5 m causes a significant BER increase too.
While Fig. 9 illustrates BERs for fixed location and ori-
entation scenarios, Fig. 10 illustrates the BERs for random
location and orientation scenarios with the channel pdfs shown
in Fig. 7. A representative scenario with non-mobile and
fixed user orientation is also provided, where θ = 30◦ and
d = 2.5 m. Note that all scenarios in Fig. 10 has the same
mean θ and approximately same mean horizontal distance. The
random fluctuations increase the BER significantly compared
to the fixed setting with the same mean θ and d. Although
having much higher BER than the fixed setting, the curve of
the relatively wide FOV value of Θ = 60◦ show monotonically
decaying characteristics. On the other hand, the narrow FOV of
Θ = 35◦ cause the BER curves to saturate, where the saturation
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Fig. 11: The analytical and simulation data for the pdf of
the square-channel in the two LEDs setting, where both the
vertical orientation θ and the horizontal distance d are random.
value is related to the probability of the LOS link being out
of the FOV, which is equal to cδ shown in Fig. 7. Since the
error probability of OOK is 0.5 for zero channel gain, the
BERs saturate to cδ/2 for each case. This result shows that a
reliable communication is not possible when there is a high
possibility of LED being out of FOV. This problem can be
solved by increasing the FOV of the receiver, or deploying
more LEDs to make sure receiver is in contact to at least one
LED in FOV.
B. Two LEDs Case
The pdf of the square-effective channel gain for the two
LEDs setting is presented in Fig. 11 under various distri-
butions for θ and d. In particular, we assume U [20◦, 40◦]
and N (30◦, 20◦) for θ, as before, and U [0, D] m for d. We
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the distributions in Fig. 11.
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Fig. 13: BER results for the two LEDs setting, where θ follows
the distributions in Fig. 11, and d∼U [0, D] m.
observe that the analytical results follow the simulation data
successfully. In this two LEDs setting, since the LEDs are
never out of the receiver FOV simultaneously for the given
FOV values of Θ = {35◦, 60◦}, there is no possibility in which
the effective channel gain becomes zero, and we therefore do
not have any Dirac delta appearing in Fig. 11. We observe that
as the FOV becomes smaller, the pdf curve broadens towards
the origin and covers much smaller x values. Smaller receiver
FOV angles increase the possibility of the LOS links being out
of the FOV. When stronger link is blocked due to FOV limit,
the receiver connects to the LED with weaker link, causing
the effective channel gain taking much smaller values. Note
that even more smaller FOV angles will eventually cause the
broadened pdf to include the origin, which will accordingly
appear as the Dirac delta at the origin, as in the single LED
scenario. The respective cdf statistics (outage probabilities) are
also provided in Fig. 12.
We finally depict the BER results of the two LEDs setting
in Fig. 13. Since the user does not lose contact with both
the LEDs simultaneously, the effective channel gain is always
nonzero, and the BER statistics do not saturate at all. Although
the narrower FOV of Θ = 35◦ deteriorate the BER perfor-
mance, it is better than that for the single LED case depicted
in Fig. 10 with the same FOV value. This result highlights the
multiple LED deployment [7] as an effective direction to cope
with adverse effects of the random orientation.
VII. CONCLUSION
We investigated the statistics of a VLC downlink channel
when the orientation of the user is varying randomly around
the vertical axis. The mobility is also considered through the
random deployment of the user which results in a random
distance to the source LED. We observe that the random
fluctuations in the vertical user orientation can adversely affect
the achievable user data rate. We proposed an analytical
framework which successfully characterizes the channel statis-
tics when both the vertical orientation and the user location
are randomly varying. This analytical framework serves as a
practical basis, as well, to develop strategies in dealing with
the destructive effects of the random vertical orientation with
random user location. Our results show that for a receiver
horizontally located 2.5 meter away from the transmitter with
an orientation angle of 30◦, random deviations in the receiver
orientation/location results in more than 7 dB of SNR loss at
a BER of 10−3 dB for a wide FOV. For a narrow FOV, the
effects are even more catastrophic, where the BER quickly
converges to an error floor as the transmit power increases.
As a future research direction, the analysis for the random
orientation around the vertical y axis can be extended to cover
the other two Euler angles defining the rotation around the x
and z axes, as well.
APPENDIX A
PROOF OF LEMMA 1
In (29), there are two support intervals of θ, which are
S1 = (a, b ] and S2 = (c, d ], and the function 5θ(a, b, c, d) is
equivalent to Pr{θ ∈ S1 ∩ S2}. In order to have a nonzero
value for this joint probability, the conditions a≤ b and c≤ d
have to be satisfied simultaneously, which guarantees that the
support intervals are non-empty sets. In such a case, there are
six different possibilities for the intersection of S1 and S2, as
shown in the illustration of Fig. 14.
Realizing that for the first two cases in Fig. 14, represented
with the labels (1) and (2), the intersection of the support sets
is empty, i.e., S1 ∩S2 =∅. In order to circumvent these two
cases, we introduce two additional conditions d>a and c< b
to be satisfied. As a result, all the conditions for non-empty
intersection can be written jointly as
{a, c | a < min(b, d), c < min(b, d)} . (41)
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Fig. 14: Different intersection possibilities of the non-empty
support sets S1 = (a, b ] and S2 = (c, d ].
For the cases (3)−(6) in Fig. 14, the non-empty intersec-
tions are given as follows
S1 ∩ S2 =

(a, b ] for c≤ a, d> b (Case 3)
(c, d ] for c>a, d≤ b (Case 4)
(a, d ] for c≤ a, d≤ b (Case 5)
(c, b ] for c>a, d> b (Case 6)
, (42)
which directly comes from the geometrical comparison of
the support sets S1 = (a, b ] and S2 = (c, d ]. Because Pr{θ ∈
(x, y ]}=Fθ(y)−Fθ(x), we readily obtain (30) using (42) and
the the cdf function Fθ(·). Note that, the cases in (42) satisfy
the non-empty intersection condition in (41).
APPENDIX B
PROOF OF THEOREM 1
In order to prove the cdf expression in Theorem 1, we first
represent the events defined in (28) by using the transformation
zi(x) =
1
2 cos
−1(2 xci−1) for i= 1, 2 as follows
Ezi : {zi(x) ∈ Ωzi | zi(x) < |θi|} , (43)
where Ωzi is the sample space of zi(x), and we employ the fact
that cos(·) is an even function. In the following, we separately
derive the expressions for the probabilities corresponding to
each of the four cases in (27). Note that, because all these four
cases represent disjoint events, the desired probability (31) is
readily obtained by summing up their respective probability
expressions via the law of total probability [30].
As a remark, since all of the four cases in (27) have inequal-
ities of the form |θi|≶Θ, which have the roots θ= {0,Θ}, we
analyze each probability of interest by considering the three
disjoint support regions for the random angle θ given as
Siθ =

(−∞, 0] for i= 1
(0,Θ] for i= 2
(Θ,∞) for i= 3
. (44)
Case 1. Consider P1(x) = Pr {Ez1 , Ez2 , |θ1| ≤Θ, |θ1| ≤Θ}.
P1(x) = Pr {z1(x)< |θ|<Θ, z2(x)< |Φ− θ|<Θ} (45)
=
3∑
i=1
P1
(
x, θ∈Siθ
)
(46)
where the individual probabilities P1
(
x, θ∈Siθ
)
’s are com-
puted with the help of the function 5θ(·) in (30) as follows
P1
(
x, θ∈S1θ
)
= Pr{−Θ≤ θ <−z1(x),Φ−Θ<θ≤Φ− z2(x), θ < 0} ,
= Pr{−Θ≤ θ <−z1(x),Φ−Θ<θ≤Φ−z2(x)} ,
= 5θ(−Θ,−z1(x),Φ−Θ,Φ− z2(x)). (47)
P1
(
x, θ∈S2θ
)
= Pr{z1(x)<θ≤Θ,Φ−Θ<θ≤Φ− z2(x), 0<θ<Φ} ,
= Pr{z1(x)<θ≤Θ,max(0,Φ−Θ)<θ≤Φ− z2(x)} ,
= 5θ(z1(x),Θ,max(0,Φ−Θ),Φ−z2(x)). (48)
P1
(
x, θ∈S3θ
)
= Pr{z1(x)<θ≤Θ,Φ + z2(x)<θ≤Φ + Θ, θ >Φ} ,
= Pr{z1(x)<θ≤Θ,Φ + z2(x)<θ≤Φ + Θ} ,
= 5θ(z1(x),Θ,Φ + z2(x),Φ + Θ). (49)
As a result, (46) with (47)-(49) readily yields (32).
Case 2. Consider P2(x) = Pr {Ez1 , |θ1| ≤Θ, |θ2|>Θ}.
P2(x) = Pr{z1(x)< |θ| ≤Θ, |Φ− θ|>Θ} (50)
=
3∑
i=1
P2
(
x, θ∈Siθ
)
(51)
where P2
(
x, θ∈Siθ
)
’s are computed as follows
P2
(
x, θ∈S1θ
)
= Pr{−Θ < θ<−z1(x), θ < min(0,Φ−Θ)} ,
= Pr{−Θ<θ≤ min(−z1(x),Φ−Θ)} ,
= 4θ(−Θ,min(−z1(x),Φ−Θ)) . (52)
P2
(
x, θ∈S2θ
)
= Pr{z1(x)<θ<Θ, 0<θ≤Φ−Θ} ,
= Pr{z1(x)<θ< min(Θ,Φ−Θ)} ,
= 4θ(z1(x),min(Θ,Φ−Θ)) . (53)
P2
(
x, θ∈S3θ
)
= Pr{z1(x)<θ<Θ, θ >Φ + Θ}
= 0 . (54)
Similarly, (51) with (52)-(54) yields (33).
Case 3. Consider P3(x) = Pr {Ez2 , |θ1|>Θ, |θ2| ≤Θ}.
P3(x) = Pr{z2(x)< |Φ− θ| ≤Θ, |θ|>Θ} (55)
=
3∑
i=1
P3
(
x, Siθ
)
(56)
where P3
(
x, θ∈Siθ
)
’s are given as follows
P3
(
x, θ∈S1θ
)
= Pr{Φ−Θ<θ<Φ− z2(x), θ <−Θ}
= 0 . (57)
P3
(
x, θ∈S2θ
)
= Pr{Φ−Θ<θ<Φ− z2(x),Θ<θ<Φ} ,
= 5θ(Φ−Θ,Φ− z2(x),Θ,Φ) . (58)
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P3
(
x, θ∈S3θ
)
= Pr{Φ + z2(x)<θ<Φ + Θ, θ >Θ, θ >Φ} ,
= Pr{max(Φ + z2(x),Θ)<θ≤Φ + Θ} ,
= 4θ(max(Φ + z2(x),Θ),Φ + Θ) . (59)
As before, (56) with (57)-(59) yields (34).
Case 4. P4 = Pr {|θ1|>Θ, |θ2|>Θ}.
P4 = Pr{θ <−Θ,Φ− θ >Θ, θ < 0}
+ Pr{θ >Θ,Φ− θ >Θ, 0<θ<Φ}
+ Pr{θ >Θ,Φ− θ <−Θ, θ >Φ}
= Pr{θ <−Θ}+ Pr{Θ<θ<Φ−Θ}+ Pr{θ >Φ + Θ}
= 4θ(Θ,Φ−Θ) +Fθ(−Θ) + 1−Fθ(Φ + Θ),
which verifies (35), and completes the proof of the cdf in (31).
In order to derive the desired pdf, we first observe that
the cdf in (31) is composed of the functions 4θ(a, b) and
5θ(a, b, c, d), given in (12) and (30), respectively, for which
the possible nonzero output terms involve the cdf of the ran-
dom angle θ appearing as −Fθ(a), Fθ(b), −Fθ(c), and Fθ(d).
Because the partial derivative of 4θ(a, b) and 5θ(a, b, c, d)
can be expressed as
∂
∂x
4θ (a, b) =
{
∂Fθ(b)
∂x − ∂Fθ(a)∂x for a ≤ b
0 otherwise
, (60)
and
∂
∂x
5θ (a, b, c, d) =

∂Fθ(b)
∂x − ∂Fθ(a)∂x for c ≤ a, d > b
∂Fθ(d)
∂x − ∂Fθ(c)∂x for c > a, d ≤ b
∂Fθ(d)
∂x − ∂Fθ(a)∂x for c ≤ a, d ≤ b
∂Fθ(b)
∂x − ∂Fθ(c)∂x for c > a, d > b
0 otherwise
,
(61)
any individual derivative in (36) can be computed using (37)
with proper choice of the transformation variables u and v.
Note that for constant entries which are function of only Θ
and Φ, we have v= 0 by definition, and the partial derivative
in (37) yields 0.
As an example, the derivative of (47), which is actually the
first term of the desired derivative ∂P1(x)∂θ to be involved in the
pdf expression in (36), can be given by (61) where
a=−Θ→ (u, v) = (−Θ, 0) and ∂Fθ(a)
∂x
= 0 ,
b=−z1(x)→ (u, v)=(0,−1) and
∂Fθ(b)
∂x
= [4x (c1−x)]−
1
2 fθ (−z1(x)) ,
c= Φ−Θ→ (u, v) = (Φ−Θ, 0) and ∂Fθ(c)
∂x
= 0 ,
d= Φ− z2(x)→ (u, v) = (Φ,−1) and
∂Fθ(d)
∂x
= [4x (c2−x)]−
1
2 fθ (Φ− z2(x)) .
All the other required derivatives for (36) can be computed
similarly. For the situations where the argument of the cdf
Fθ(·) involve min(·) and max(·) functions, the above strat-
egy should be applied to the argument qualifying to be the
minimum or the maximum, respectively.
As a final remark, the effective channel can only be zero
when both LEDs are outside the receiver FOV, where this
situation is represented by P4 in the cdf expression (31).
Because this intuition implies that Pr{h2eff = 0}=P4, and
since Pr{h2eff < 0}= 0, the cdf function has a discontinuity
at x= 0, which appears as a Dirac delta δ(x) in the pdf
expression (36) with the magnitude P4.
REFERENCES
[1] A. Jovicic, J. Li, and T. Richardson, “Visible light communication:
Opportunities, challenges and the path to market,” IEEE Commun. Mag.,
vol. 51, no. 12, pp. 26–32, Dec. 2013.
[2] H. Burchardt, N. Serafimovski, D. Tsonev, S. Videv, and H. Haas, “VLC:
Beyond point-to-point communication,” IEEE Commun. Mag., vol. 52,
no. 7, pp. 98–105, Jul. 2014.
[3] P. H. Pathak, X. Feng, P. Hu, and P. Mohapatra, “Visible light commu-
nication, networking, and sensing: A survey, potential and challenges,”
IEEE Commun. Surveys and Tutorials, vol. 17, no. 4, pp. 2047–2077,
Fourthquarter 2015.
[4] A. M. Khalid, G. Cossu, R. Corsini, P. Choudhury, and E. Ciaramella,
“1-Gb/s Transmission Over a Phosphorescent White LED by Using
Rate-Adaptive Discrete Multitone Modulation,” IEEE Photon. J., vol. 4,
no. 5, pp. 1465–1473, Oct. 2012.
[5] A. H. Azhar, T. A. Tran, and D. O’Brien, “A Gigabit/s Indoor Wireless
Transmission Using MIMO-OFDM Visible-Light Communications,”
IEEE Photon. Technol. Letters, vol. 25, no. 2, pp. 171–174, Jan. 2013.
[6] D. Tsonev et al., “A 3-Gb/s Single-LED OFDM-Based Wireless VLC
Link Using a Gallium Nitride µLED,” IEEE Photon. Technol. Letters,
vol. 26, no. 7, pp. 637–640, Apr. 2014.
[7] Y. S. Eroglu, I. Guvenc, A. Sahin, Y. Yapici, N. Pala, and M. Yuksel,
“Multi-Element VLC Networks: LED Assignment, Power Control, and
Optimum Combining,” IEEE J. Select. Areas Commun., Nov. 2017,
accepted for publication.
[8] Y. S. Eroglu, I. Guvenc, N. Pala, and M. Yuksel, “AOA-based localiza-
tion and tracking in multi-element VLC systems,” in Proc. IEEE Wireless
and Microwave Tech. Conf. (WAMICON), Cocoa Beach, FL, Apr. 2015.
[9] A. S¸ahin, Y. S. Erog˘lu, I˙smail Gu¨venc¸, N. Pala, and M. Yu¨ksel,
“Hybrid 3-D Localization for Visible Light Communication Systems,”
J. Lightwave Technol., vol. 33, no. 22, pp. 4589–4599, Nov. 2015.
[10] X. Wu, M. Safari, and H. Haas, “Access Point Selection for Hybrid
Li-Fi and Wi-Fi Networks,” IEEE Trans. Commun., vol. PP, no. 99, pp.
1–1, Aug. 2017.
[11] G. Pan, J. Ye, and Z. Ding, “Secure Hybrid VLC-RF Systems with
Light Energy Harvesting,” IEEE Trans. Commun., vol. PP, no. 99, pp.
1–1, May 2017.
[12] F. Wu, L. Chen, and W. Wang, “HRO-OFDM Scheme Design and
Optimization for a Hybrid RF/VLC Baseband System,” IEEE Photon.
J., vol. 9, no. 5, pp. 1–13, Oct. 2017.
[13] T. Rakia, H. C. Yang, F. Gebali, and M. S. Alouini, “Optimal Design of
Dual-Hop VLC/RF Communication System With Energy Harvesting,”
IEEE Commun. Letters, vol. 20, no. 10, pp. 1979–1982, Oct. 2016.
[14] S. I. Mushfique, P. Palathingal, Y. S. Eroglu, I. Guvenc, N. Pala, and
M. Yuksel, “A Software-Defined Multi-Element VLC Architecture,”
IEEE Commun. Mag., Nov. 2017, accepted for publication.
[15] B. G. Guzman, A. L. Serrano, and V. P. G. Jimenez, “Cooperative optical
wireless transmission for improving performance in indoor scenarios
for visible light communications,” IEEE Trans. Consumer Electronics,
vol. 61, no. 4, pp. 393–401, Nov. 2015.
[16] R. C. Kizilirmak, O. Narmanlioglu, and M. Uysal, “Relay-Assisted
OFDM-Based Visible Light Communications,” IEEE Trans. Commun.,
vol. 63, no. 10, pp. 3765–3778, Oct. 2015.
[17] H. Chowdhury and M. Katz, “Cooperative multihop connectivity per-
formance in visible light communications,” in 2013 IFIP Wireless Days
(WD), Nov. 2013, pp. 1–4.
[18] S. Shao, A. Khreishah, and H. Elgala, “Pixelated VLC-Backscattering
for Self-Charging Indoor IoT Devices,” IEEE Photon. Technol. Letters,
vol. 29, no. 2, pp. 177–180, Jan. 2017.
[19] F. Miramirkhani, O. Narmanlioglu, M. Uysal, and E. Panayirci, “A
Mobile Channel Model for VLC and Application to Adaptive System
Design,” IEEE Commun. Lett., vol. PP, no. 99, pp. 1–1, 2017.
[20] P. Chvojka, S. Zvanovec, P. A. Haigh, and Z. Ghassemlooy, “Channel
Characteristics of Visible Light Communications Within Dynamic In-
door Environment,” J. Lightw. Technol, vol. 33, no. 9, pp. 1719–1725,
May 2015.
13
[21] H. Marshoud, P. C. Sofotasios, S. Muhaidat, G. K. Karagiannidis, and
B. S. Sharif, “On the Performance of Visible Light Communications
Systems with Non-Orthogonal Multiple Access,” IEEE Trans. Wireless
Commun., vol. PP, no. 99, pp. 1–1, Jul. 2017.
[22] K. Xu, H. Y. Yu, Y. J. Zhu, and Y. Sun, “On the ergodic channel capacity
for indoor visible light communication systems,” IEEE Access, vol. 5,
pp. 833–841, 2017.
[23] M. D. Soltani, X. Wu, M. Safari, and H. Haas, “Access point selec-
tion in Li-Fi cellular networks with arbitrary receiver orientation,” in
IEEE Intern. Symposium Personal, Indoor, and Mobile Radio Commun.
(PIMRC), Sep. 2016, pp. 1–6.
[24] C. L. Bas, S. Sahuguede, A. Julien-Vergonjanne, A. Behlouli,
P. Combeau, and L. Aveneau, “Impact of receiver orientation and
position on visible light communication link performance,” in Proc. Int.
Workshop on Opt. Wireless Commun. (IWOW’15), Sep. 2015, pp. 1–5.
[25] Y. S. Erog˘lu, Y. Yapıcı, and I˙smail Gu¨venc¸, “Effect of Random Vertical
Orientation for Mobile Users in Visible Light Communications,” in Proc.
Asilomar Conf. Signals, Syst., and Comput., Pacific Grove, California,
Oct. 2017, accepted for publication.
[26] J. R. Barry, J. M. Kahn, W. J. Krause, E. A. Lee, and D. G. Messer-
schmitt, “Simulation of multipath impulse response for indoor wireless
optical channels,” IEEE J. Select. Areas in Commun., vol. 11, no. 3, pp.
367–379, Apr. 1993.
[27] J. Proakis, Digital Communications, 10th ed. McGraw-Hill, 2000.
[28] F. Miramirkhani and M. Uysal, “Channel modeling and characterization
for visible light communications,” IEEE Photon. J., vol. 7, no. 6, pp.
1–16, Dec. 2015.
[29] M. D. Springer and W. E. Thompson, “The distribution of products of
independent random variables,” SIAM J. on Appl. Math., vol. 14, no. 3,
pp. 511–526, 1966.
[30] A. Papoulis and S. U. Pillai, Probability, Random Variables and Stochas-
tic Processes, 4th ed. McGraw-Hill, 2002.
[31] C. Chen, D. A. Basnayaka, and H. Haas, “Downlink performance of
optical attocell networks,” J. Lightwave Technol., vol. 34, no. 1, pp.
137–156, Jan. 2016.
